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Abstract
In this note, a regulus of lines in PG(3; K) and a regulus of planes in PG(5; K) are charac-
terized by incidence properties. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
A central problem in projective geometry is to characterize classical geometric ob-
jects by their combinatorial behaviour and especially by their intersection properties
with respect to lines. The most important result of this type is Segre’s famous theorem
characterizing the non-degenerate conic in PG(2; q), with q odd, as a set of q + 1
points no three of them collinear [8]. A straightforward extension due to Barlotti [1]
and Panella [7] states that every point-set of size q2 + 1 in PG(3; q), with q odd, con-
taining no three collinear points is an elliptic quadric. No further extension of Segre’s
theorem is possible, since every non-degenerate quadric in PG(n; q), with n¿ 4 (and
the cone and the hyperbolic quadric in PG(3; q)) contains a line entirely. More pre-
cisely, a quadric turns out to be a set of type (0; 1; 2; q + 1) with respect to the lines
(or what is also called a Tallini-set [6]); that is, a line ‘ is either disjoint from the set
or intersects it in 1 or 2 points or ‘ is entirely contained in the set. Tallini actually in-
vestigated hyperbolic and parabolic quadrics [9]. The main result, as stated in [3], says
that every Tallini-set in PG(n; q), with n¿ 4, having the same size as a hyperbolic or
parabolic quadric, is itself a quadric of the same type. This characterization holds true
under some weaker conditions on the size of the set, see [3], while a generalization
of Tallini’s theorem depending on a certain geometric condition and also valid in the
in>nite case, is due to Buekenhout [4].
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In this paper, we give a further geometric characterization of the hyperbolic quadric.
Let X be a non-empty subset of points of the n-dimensional projective space PG(n; K),
over a (possible in>nite) >eld K . A line of PG(n; K) is called long if it contains at
least three points of X . Moreover, a line ‘ is said to be a tangent to X if either it is
a long line or intersects X in exactly one point. Our idea is to request the existence
of a generalized tangent subspace to X at every point p∈X , de>ned as a projec-
tive subspace (p) in PG(n; K) which entirely contains every long line through p.
Such a subspace is called trivial if no long line is not contained in X and proper if
some line through p is contained in X , and (p) is spanned by long lines through p.
Then
Theorem 1. Every set X of non-coplanar points in PG(3; K) with a proper generalized
tangent plane at each of its points is contained in a hyperbolic quadric.
Tallini-sets turn out to be useful combinatorial objects in studying incidence geom-
etry arising from algebraic varieties which are intersection of quadrics, such as Segre,
Veronese and Grassmann varieties. The interested reader is referred to [5, Section
22:10] where general results on (especially >nite) Tallini-sets are available. A typical
result in this direction is due to Berardi and Bichara [2] who characterized the Segre
variety S1;2 as the only set of size (q+1)(q2 +q+1) in PG(5; q), such that X is a set
of type (0; 1; 2; q+1) with respect to the lines and every point is on a plane contained
in X .
In this paper, we give a diEerent characterization of S1;2 also valid in the in>nite
case. To do this we need some more combinatorial de>nitions in PG(5; K).
A generalized tangent subspace is called strict if it contains no line through x with
exactly two points in X . A plane  of P is called big (with respect to a point x of
 ∩ X ) if there are at least three long lines through x in .
Now we are able to formulate our second result.
Theorem 2. Let X be a set of points in P=PG(5; K) not contained in a hyperplane
of P such that at each point p∈X there exists a strict proper generalized tangent
subspace (p) of dimension three; such that
(a) there is at most one long line through p not contained in X;
(b) there is at least one big plane with respect to x;
(c) every line intersection of two big planes is contained in X .
Then one of the following cases occurs:
(i) X is a set of planes through a point p (with p ∈ X );
(ii) X the union of two planes;
(iii) X is covered by the planes of a 2-regulus of PG(5; K); in particular; if every
long secant is contained in X then X =S(1;2).
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2. Proof of Theorem 1
The proof is obtained in a series of lemmas.
Lemma 2.1. Any line through x in (x) is a tangent line.
Proof. Let L be a line of (x) with exactly two points x and y in X . Then, there exist
at least two long lines through y. In fact, since (x) is spanned by long lines, there
is a line M through x contained in X and another long line N through x. Let n1 and
n2 two points of X on N , diEerent from x. Then the lines yn1 and yn2 are two long
lines through y in x, and so we have (x)= (y).
Hence, if y is a point of (x) such that the line xy is a 2-secant, then (x)= (y).
Let z be a point of X not in (x), let ‘ be a line through z contained in X and let
z′= ‘ ∩ (x). Since the lines z′x and z′y have at least two points of X in (x), then
(z′)= (x). Thus, ‘ is a line on z′ with more than two points in X outside (z′), a
contradiction.
Lemma 2.2. Let x; y be distinct points of X . If y∈ (x); then x∈ (y).
Proof. Since the line ‘= xy is in (x) and has two points in X , it has at least three
points in X . Thus ‘ is a long line on y and therefore a line of (y).
Lemma 2.3. Let x; y be distinct points of X . Then (x) = (y).
Proof. Assume on the contrary that = (x)= (y). Put ‘= xy. If z ∈  ∩ X \‘, then
zx and zy are long lines and thus (z)= .
Since x lies on at least two long lines of , there exists a point z0 ∈  ∩ X \‘. If z
is a point of ‘ with z = x, then zx and zz0 are long lines on z, since = (x)= (z0).
Hence (z)= , and so (z)=  for all points z of  ∩ X .
Consider a point w∈X that is not in . Then w lies on a line H that is con-
tained in X . If z=H ∩ , then H is a long line on z that does not lie in (z)= , a
contradiction.
Lemma 2.4. Let x be a point of X; and let g and ‘ be two long lines through x
spanning (x). If ‘ is contained in X; then every point of  ∩ X lies on ‘ or on g.
Proof. Assume on the contrary that ‘ is contained in X and that there exists a point
z ∈ (x)∩X that is neither in g nor ‘. Since g has at least three points in X and since
‘ is contained in X , it follows that z lies on at least two lines of (x) that meet g
and ‘ in a point of X diEerent from x. Thus (x) contains two long lines on z so that
(z)= (x), a contradiction by Lemma 2.3.
Lemma 2.5. There exist three mutually skew lines ‘; ‘′ and ‘′′ that are contained
in X such that each point of X is contained in the unique regulus spanned by them.
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Proof. If every long line is contained in X , then ‘0 be any long line. Otherwise let
‘0 be a long line that is not contained in X .
In both cases, each point of ‘0∩X lies on a long line other than ‘0 that is contained
in X . Consider three points x; x′ and x′′ of ‘0. Then x lies on a long line ‘; x′ on
a long line ‘′ and x′′ lies on a long line ‘′′ such that ‘; ‘′ and ‘′′ are contained in
X . The lines ‘; ‘′ and ‘′′ are mutually skew; indeed, suppose for instance that ‘ and
‘′ intersect in a point z, then (z)= ‘ ‘′; thus x′′ ∈ (z)= ‘ ‘′, but x′′ ∈ ‘ ∪ ‘′, which
contradicts Lemma 2.4.
Hence, there exists a unique regulus R containing ‘; ‘′ and ‘′′. Let R′ be the opposite
regulus. If y and z are points of ‘ other than x, then by Lemma 2.3 the planes (y)
and (z) are mutually distinct. Thus for every p on ‘ the planes (p) are all planes
on ‘. By Lemma 2.4, there exists a long line ‘p with ‘p = ‘, such that all points of
(p) ∩ X lie on ‘ or ‘p. Hence X is contained in the union of the lines ‘p.
Since ‘′ is skew to ‘, so ‘′ meets all planes (p). Furthermore ‘′ is contained in
X , then ‘′ meets all lines ‘p. Similarly, ‘′′ meets all lines ‘p. Hence R′= ∪p∈‘ ‘p.
Since each point of X lies on one of the lines ‘p, it follows that each point of X
lies on a line of the regulus R.
Since K is commutative, from Lemma 2.5 it follows that the regulus R gives a
unique hyperbolic quadric, and so Theorem 1 is proved.
3. Proof of Theorem 2
We prove Theorem 2 in a series of lemmas.
Lemma 3.1. If x; y∈X; x =y and y∈ (x); then x∈ (y).
Proof. The line xy is a long secant on x and y, hence Lemma 3.1 follows.
Lemma 3.2. If  is a big plane then either  is contained in X or  has at most one
point not in X .
Proof. Let x be a point of  and let ‘1; ‘2 and ‘3 be three long secants in  through
x. By property (a), we may suppose that ‘2 and ‘3 are contained in X . Let y be a
point of X ∩ ‘1 distinct from x. Then any line in  diEerent from yx through y is a
long line. Thus, by property (a), each line of  through y is contained in X—except
perhaps, one line ‘0. Looking at a point z of  outside ‘0, and using again property
(a), it follows that at most one point of ‘0 is not contained in X . Hence, the assertion
follows.
Lemma 3.3. If x∈X and  is a big plane contained in (x); then x∈ .
Proof. Assume on the contrary that x ∈ .
V. Napolitano /Discrete Mathematics 250 (2002) 171–180 175
First, we prove that (x) is contained in X . By Lemma 3.2, either  is contained
in X or there is a point z ∈  such that \{z} is contained in X . So, each line xy
with y∈  and y = z has at least two points in X , hence each such line is a long line.
Therefore, all but at most one line of (x) through x are contained in X .
If there is no such a line, then z ∈X and (x) is contained in X .
If there is such a line, say L, then each plane of (x) through L is a big plane,
so there are at least two big planes whose intersection line is not contained in X , a
contradiction by property (c).
Hence (x) is contained in X , and so (y)= (x) for each y∈ (x) ∩ X = (x).
Consider a point u∈X outside (x). A big plane through u intersects (x) in a point
y∈X ∩(x) on which there is a long secant outside (x)= (y), a contradiction. Thus,
the assertion follows.
Lemma 3.4. On every x∈X all long lines through x are at most on two big planes
contained in (x).
Proof. Let  and  be two big planes contained in (x). By Lemma 3.3, it follows
that x∈  ∩  .
Assume that there exists a long line L′ through x that is not contained in  or  .
Denote by L the line ∩ . Then any plane in (x) through L′ not passing through L is
a big plane, and so there exists a big plane in (x) not passing through x, contradicting
Lemma 3.3.
Lemma 3.5. If there exists a point x of X such that (x) intersects X in two big
planes; then each big plane not contained in (x) intersects (x) in a point outside X .
Proof. Let  and  be the two big planes contained in (x). By Lemma 3.3, it follows
that x∈  ∩  .
By property (c) at least one of the planes  and  is contained in X . In particular,
the line L=  ∩  is contained in X .
Let  be a big plane not contained in (x). Suppose that  intersects (x) in a line
L′, then since L′ is long, it must be contained in  or  .
Let p be the point on L and L′. Then, the long lines through p span (x) and ,
so dim (p)¿ 3, a contradiction. Hence  meets (x) in a point. Let p be the intersec-
tion point of  and (x). Assume that p is a point of X , then it belongs to either
 or  . Hence, the long lines through p generate a subspace of dimension ¿ 4, a
contradiction.
Lemma 3.6. For every x∈X; the subspace (x) intersects X in one big plane and at
most one long line passing through x.
Proof. Assume on the contrary that apart from the big plane = x, there are two
long lines L1 and L2 in (x) through x.
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The plane  = 〈L1; L2〉 intersects  in a long line L, so it is a big plane. By
Lemma 3.4, each point of X in (x) is contained in  or  . Moreover, by prop-
erty (c), at least one of the planes ;  is contained in X and L is contained
in X .
Let z be a point of X outside (x), and H be the line in which (x) and (z)
intersect. If H is a long line, it is contained in  or  , and so it intersects L in some
point p. Thus the long lines through p generate at least a four-dimensional subspace
〈(x); z〉, a contradiction.
Next, we consider the case where H has exactly two points p1 and p2 in common
with X . The lines zp1 and zp2 are tangents, so they are long lines. By Lemma 3.5 each
big plane z through z is a big plane diEerent from the plane = 〈z; p1; p2〉, spanned
by p1; p2 and z. Hence,  contains three long lines through z and it is a big plane
in (z), since it meets a big plane through z. Thus  is a big plane not contained in
(x), which intersects (x) in two points of X , contradicting Lemma 3.5. Hence, H
has exactly one point p in common with X .
By Lemma 3.5, p is not on a big plane through z. Also, p is not on L. Without
loss of generality, we may suppose that p∈ , then H intersects the plane  in a point
q ∈ X .
Denote by q′ the point in which a big plane z through z and H intersect and let y
be a point of the line q′z. If q′ = q, then using the above argument, the line (y)∩(x)
coincides with the line H , since it contains the point q′. Hence (y)= (z) and so the
big plane 〈p; y; z〉 contains two points outside X , contradicting Lemma 3.2.
Finally, if q′= q, then by the previous argument, for each point s in X ∩ z, the
line Hs = (s)∩ (x) is a 1-secant X through q. If there is a point s such that Hs =H ,
then (s)= (x), and so the plane 〈p; s; z〉 is a big plane meeting (x) in a point of X ,
contradicting property Lemma 3.5. Hence for all s1; s2 ∈ z ∩ X; s1 = s2; Hsi =H and
Hs1 =Hs2 . Thus, there are as many 1-secants X through q as are the points of z, and
this is a contradiction, since trough q there pass all long lines of  . This completes
the proof of Lemma 3.6
By the previous lemma, it follows that if x∈X then the long lines contained in (x)
not passing through x are in the big plane x, and that two big planes have at most
one point in common, and if there is such a point it does not belong to X . Thus, for
each point x∈X there pass a unique big plane. From now on, let us denote this plane
by x.
Lemma 3.7. Let  and  be two big planes intersecting in a point p not in X . Then
there is a set of planes through p such that X consists of all points of these planes
except p.
Proof. Let S denote the four-dimensional subspace of P spanned by  and  .
We claim that for each point x∈X lying on either  or  , the subspace (x) is not
contained in S.
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Assume that there is a point x∈X ∩  such that (x) is contained in S. Then (x)
meets  in a line, which contains at least two points of X . Thus x is on at least two
long lines outside the big plane , a contradiction by Lemma 3.5.
Consider an arbitrary big plane . This plane meets S in a line H . We have to show
that H passes through p.
Assume on the contrary that H does not pass through p. Suppose that H contains a
point x =p either in  or  , say . Then x lies not only on the long lines of  through
x but also on the long line H . Thus the three-dimensional subspace (x)= 〈; H 〉, gen-
erated by  and H , is contained in S, a contradiction. Similarly, for x∈  . Hence H
contains no point either of  or  . Let L be a line of  not passing through p. The
three-dimensional subspace T = 〈L; H 〉 generated by L and H intersects  in a line
M . Then there exists a transversal line L∗ of L; H and M containing three points of
X . Thus, for x=L∗ ∩ , the subspace (x) is contained in S, again a contradiction.
Hence for each point z ∈X \S the big plane z passes through p and so Lemma 3.7
is proved.
In view of Lemma 3.7, we may now suppose that the intersection of two big planes
never contains a point outside X . Hence, from now on, by Lemma 3.6 and property
(c), we may suppose, that if  and ′ are two diEerent big planes then their intersection
is empty.
Lemma 3.8. Suppose that exists a point x∈X such that (x) intersects X in the
points of just one big plane = x through x. Then one of the following holds:
(1) X consists of the points of two skew planes;
(2) there exist a 2-regulus R; a transversal line T of R and a point x on T
such that X consists of all points of the planes of R; apart from the points
in T\{x}.
Proof. We distinguish two cases.
Case 1: There is a point z ∈X outside (x) and a big plane ′ through z such that
′= (z) intersects X in points of ′ only. Since we have assumed that big planes are
mutually skew, the plane  (and ′) intersects ′ (and = (x)) in a point outside X ,
respectively.
Let p and p′ be the points of  and ′ outside X . We claim that X = ∪′\{p;p′}.
Assume on the contrary that there exists a point w of X neither in  nor in ′. Let  
be the big plane through w. By Lemma 3.2, a big plane has at most one point outside
X , so  intersects U and U ′ in a point of the line pp′. And, by our assumptions, this
point is diEerent from p and p′.
Therefore, the transversal line of ; ′ and  passing through x has at least three
points in common with X . Thus, there would be a long line through x outside . This
contradicts the hypothesis of Lemma 3.8. Hence X =  ∪ ′ − {p;p′}.
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Case 2: For any point z ∈X outside (x) there is a long line Lz through z not lying
on the big plane z. Let z be a point of X \(x). By hypothesis z is not contained in
X , hence by property (a) the long line Lz through z not in z is contained in X .
First, we prove that the line Lz meets x in a point of X .
Assume on the contrary that Lz is skew to x. Then, by Lemma 3.6 (z) inter-
sects x in a point u not in X . Similarly, if w is a point of Lz\{z}, then Uw ∩
x = u. Thus, Uz and Uw contain the plane 〈Lz; u〉 generated by the long line Lz and
the point u, hence the big planes z and w are not skew, which contradicts our
assumptions.
Therefore, the line Lz meets the plane x, in a point diEerent from x. And this holds
true for every y∈X ∩ z.
Let p be the point in which Lz and x intersect. Denote by q the only intersection
point between z and (x).
If w is a point on Lz\{p; z}, then, by our assumptions, the big plane w is skew to
both x and z.
Consider the 2-regulus R spanned by x; z and w. Then Lz =pz is a transversal
line of R. For each point u∈X ∩ z\{q}, the line Lu is a transversal of the regulus
R, since Lu meets x and w in points of X . Indeed, if (u) ∩ w ∈ X , then the line
connecting this point with the point Lu ∩ x is contained in (x) and so it contains
q. Hence Lu ∩ x = ∅, a contradiction. Hence, every plane of R has all its points but
at most one in X and so it is a big plane. Since (x) meets a big plane outside
X , all planes of R are not contained in X . Moreover, since the transversal lines Lu
of R are contained in X , it follows that the points of the planes of R not in X are
collinear and they lie on the transversal of R passing through x. Furthermore, x is
contained in X .
Let y be a point of X \(x)∪ Lz, we want to prove that the big plane y is a plane
of R.
The big plane y intersects (z) in a point u.
By Lemma 3.6 if u belongs to X , then u∈Lz. So, since the planes of R are big
planes, it turns out again by Lemma 3.6 that y is the plane of R passing through u.
We will prove that u∈X .
Assume on the contrary that u ∈ X . From Lemma 3.2, u∈ (x) follows. Hence the
line qu is contained in (z) ∩ (x), and contains p.
Since zp is a line contained in X , then Up = 〈zp; x〉. Let h be a common point of
Up and y. Then h ∈ X , so by Lemma 3.2, h= u. Thus, the line pu=pq is contained
in Up. Then Up contains the line qz, a contradiction by Lemma 3.6. So each point of
X is on a plane of the 2-regulus R, and this proves Lemma 3.6.
From now on, we may suppose that for every point x∈X , there exists a long secant
Lx not contained in x such that (x) ∩ X = x ∪ Lx.
Lemma 3.9. For every point x in X; each big plane  di<erent from x intersects the
line Lx.
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Proof. Let x be a point of X; x be the big plane passing through X and let Lx be
the long line through x outside x. Since we have assumed that no two big planes
have a common point, every big plane  diEerent from x does not contain Lx. Hence
| ∩ Lx|6 1, for every big plane  = x.
Assume that there exists a big plane  diEerent from x and skew with Lx. Then
(x)∩ =p ∈ X . Similarly, if y∈X ∩ Lx\{x} then (y)∩ = q ∈ X . By Lemma 3.2,
p= q follows. Therefore, the plane 〈xy; p〉 is in the intersection of (x) and (y), and
so (x) and (y) are in a subspace of dimension four. Thus x and y are not skew,
a contradiction.
From Lemma 3.9 it follows that if x is a point in X and Lx is the long line through
x outside x, then the family Fx of big planes meeting Lx is the family F of all big
planes of X , and so X is covered by planes of Fx =F.
The next lemma completes the proof of Theorem 2.
Lemma 3.10. X is covered by the planes of a 2-regulus R.
Proof. We distinguish two cases:
(1) there exists a point x∈X such that Lx is contained in X ,
(2) for every x∈X the line Lx is not contained in X .
Case 1: Let x be a point of X such that the line Lx is contained in X . Suppose that
all planes of Fx are contained in X . Then, by Lemma 3.9 all long lines are contained
in X . Consider the 2-regulus R spanned by three big planes of F. Since each long
line not on a big plane is a transversal line of the regulus R and meets each plane of
R in a point of X , it follows that each plane of R is a big plane and hence the two
families of planes R and F coincide. This yields that X is the Segre variety S(1;2),
whose maximal 2-spaces are the planes of R.
Suppose that there exists a plane  of Fx not contained in X . By property (a), the
line Ly is contained in X for each y∈ . Consider the 2-regulus R spanned by  and
other two big planes of F. Since for every y∈  the line Ly is a transversal line of
R and meets each plane of R in a point of X , it follows that every plane of R has all
its points but at most one in X , and hence it is a big plane. Thus the two families
of planes R and F coincide, and so X is contained in the union of the planes of the
2-regulus R=Fx.
Case 2: In such a case, by property (a), each big plane is contained in X . Con-
sider the 2-regulus R spanned by three planes of Fx. The long lines of X , outside
the planes of Fx are transversal lines of R, and conversely each transversal line of
R is a long line. If  is a plane of Fx, then  meets all the transversal lines of R
in points of X . Thus  is a plane of the 2-regulus R, since it is a plane lying on
the Segre variety S(1;2), whose maximal 2-spaces are the planes of R. This completes
the proof.
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